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Figure 6.10 System for Example 6.1.

The desired swapping operation will be performed as follows. The contents of R2 are
first loaded into R3, using the control signals R2out = 1 and R3in = 1. Then the contents of
R1 are transferred into R2, using R1out = 1 and R2in = 1. Finally, the contents of R3 (which
are the previous contents of R2) are transferred into R1, using R3out = 1 and R1in = 1. Since
this step completes the required swap, we will set the signal Done = 1. Assume that the
swapping is performed in response to a pulse on the input w, which has a duration of one
clock cycle. Figure 6.11 gives a state diagram for a sequential circuit that generates the
output control signals in the required sequence. Note that to keep the diagram simple, we
have indicated the output signals only when they are equal to 1. In all other cases the output
signals are equal to 0.

In the starting state, A, no transfer is indicated, and all output signals are 0. The circuit
remains in this state until a request to swap arrives in the form of w changing to 1. In state
B the signals required to transfer the contents of R2 into R3 are asserted. The next active
clock edge places these contents into R3. This clock edge also causes the circuit to change
to state C, regardless of whether w is equal to 0 or 1. In this state the signals for transferring
R1 into R2 are asserted. The transfer takes place at the next active clock edge, and the
circuit changes to state D regardless of the value of w. The final transfer, from R3 to R1, is
performed on the clock edge that leaves state D, which also causes the circuit to return to
state A.

Figure 6.12 presents the same information in a state table. Since there are four states,
we can use two state variables, y2 and y1. A straightforward state assignment where the
states A, B, C, and D are assigned the valuations y2y1 = 00, 01, 10, and 11, respectively,
leads to the state-assigned table in Figure 6.13. Using this assignment and D-type flip-flops,
the next-state expressions can be derived as shown in Figure 6.14. They are

Y1 = wy1 + y1y2

Y2 = y1y2 + y1y2
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Figure 6.11 State diagram for Example 6.1.

Present Next state Outputs

state w = 0 w = 1 R1out R1in R2out R2in R3out R3in Done

A A B 0 0 0 0 0 0 0
B C C 0 0 1 0 0 1 0
C D D 1 0 0 1 0 0 0
D A A 0 1 0 0 1 0 1

Figure 6.12 State table for Example 6.1.

The output control signals are derived as

R1out = R2in = y1y2

R1in = R3out = Done = y1y2

R2out = R3in = y1y2

These expressions lead to the circuit in Figure 6.15.
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Present Next state Outputs

state w = 0 w = 1 R1out R1in R2out R2in R3out R3in Done

A A B 0 0 0 0 0 0 0
B C C 0 0 1 0 0 1 0
C D D 1 0 0 1 0 0 0
D A A 0 1 0 0 1 0 1

Figure 6.12 State table for Example 6.1.

The output control signals are derived as

R1out = R2in = y1y2

R1in = R3out = Done = y1y2

R2out = R3in = y1y2

These expressions lead to the circuit in Figure 6.15.
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Present Next state

state w = 0 w = 1
Outputs

y2 y1 Y2Y1 Y2Y1 R1out R1in R2out R2in R3out R3in Done

A 0 0 0 0 0 1 0 0 0 0 0 0 0
B 0 1 1 0 1 0 0 0 1 0 0 1 0
C 1 0 1 1 1 1 1 0 0 1 0 0 0
D 1 1 0 0 0 0 0 1 0 0 1 0 1

Figure 6.13 State-assigned table corresponding to Figure 6.12.
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Figure 6.14 Derivation of next-state expressions for Figure 6.13.

6.2 State-Assignment Problem

Having introduced the basic concepts involved in the design of sequential circuits, we should
revisit some details where alternative choices are possible. In Section 6.1.6 we suggested
that some state assignments may be better than others. To illustrate this we can reconsider
the example in Figure 6.4. We already know that the state assignment in Figure 6.6 leads
to a simple-looking circuit in Figure 6.8. But can the FSM of Figure 6.4 be implemented
with an even simpler circuit by using a different state assignment?

Figure 6.16 gives one possible alternative. In this case we represent the states A, B,
and C with the valuations y2y1 = 00, 01, and 11, respectively. The remaining valuation,
y2y1 = 10, is not needed, and we will treat it as a don’t-care condition. The next-state and

R1out = R2in = y1y2

R1in = R3out = Done = y1y2

R2out = R3in = y1y2
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Present Next state

state w = 0 w = 1
Outputs
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Figure 6.13 State-assigned table corresponding to Figure 6.12.
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Figure 6.14 Derivation of next-state expressions for Figure 6.13.

6.2 State-Assignment Problem

Having introduced the basic concepts involved in the design of sequential circuits, we should
revisit some details where alternative choices are possible. In Section 6.1.6 we suggested
that some state assignments may be better than others. To illustrate this we can reconsider
the example in Figure 6.4. We already know that the state assignment in Figure 6.6 leads
to a simple-looking circuit in Figure 6.8. But can the FSM of Figure 6.4 be implemented
with an even simpler circuit by using a different state assignment?

Figure 6.16 gives one possible alternative. In this case we represent the states A, B,
and C with the valuations y2y1 = 00, 01, and 11, respectively. The remaining valuation,
y2y1 = 10, is not needed, and we will treat it as a don’t-care condition. The next-state and
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Figure 6.15 Final implementation of the sequential circuit for Example 6.1.

Present Next state

state w = 0 w = 1 Output

y2 y1 Y2Y1 Y2Y1
z

A 00 00 01 0
B 01 00 11 0
C 11 00 11 1

10 dd dd d

Figure 6.16 Improved state assignment for the state table in
Figure 6.4.

output expressions derived from the figure will be

Y1 = D1 = w

Y2 = D2 = wy1

z = y2
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Present Next state

state w = 0 w = 1
Outputs

y2 y1 Y2Y1 Y2Y1 R1out R1in R2out R2in R3out R3in Done

A 0 0 0 0 0 1 0 0 0 0 0 0 0
B 0 1 1 1 1 1 0 0 1 0 0 1 0
C 1 1 1 0 1 0 1 0 0 1 0 0 0
D 1 0 0 0 0 0 0 1 0 0 1 0 1

Figure 6.18 Improved state assignment for the state table in Figure 6.12.
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Figure 6.19 Derivation of next-state expressions for Figure 6.18.

6.2.1 One-Hot Encoding

In previous examples we used the minimum number of flip-flops to represent the states of
the FSM. Another interesting possibility is to use as many state variables as there are states.
In this method, for each state all but one of the state variables are equal to 0. The variable
whose value is 1 is deemed to be “hot.” The approach is known as the one-hot encoding
method.

Figure 6.20 shows how one-hot state assignment can be applied to the sequential circuit
of Figure 6.4. Because there are three states, it is necessary to use three state variables. The
chosen assignment is to represent the states A, B, and C using the valuations y3y2y1 = 001,
010, and 100, respectively. The remaining five valuations of the state variables are not used.
They can be treated as don’t cares in the derivation of the next-state and output expressions.
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Figure 6.19 Derivation of next-state expressions for Figure 6.18.

6.2.1 One-Hot Encoding

In previous examples we used the minimum number of flip-flops to represent the states of
the FSM. Another interesting possibility is to use as many state variables as there are states.
In this method, for each state all but one of the state variables are equal to 0. The variable
whose value is 1 is deemed to be “hot.” The approach is known as the one-hot encoding
method.

Figure 6.20 shows how one-hot state assignment can be applied to the sequential circuit
of Figure 6.4. Because there are three states, it is necessary to use three state variables. The
chosen assignment is to represent the states A, B, and C using the valuations y3y2y1 = 001,
010, and 100, respectively. The remaining five valuations of the state variables are not used.
They can be treated as don’t cares in the derivation of the next-state and output expressions.
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Present Next state
state w = 0 w = 1 Output

y3 y2 y1 Y3Y2Y1 Y3Y2Y1
z

A 0 0 1 0 0 1 0 1 0 0
B 0 1 0 0 0 1 1 0 0 0
C 1 0 0 0 0 1 1 0 0 1

Figure 6.20 One-hot state assignment for the state table in
Figure 6.4.

Using this assignment, the resulting expressions are

Y1 = w

Y2 = wy1

Y3 = wy1

z = y3

Note that none of the next-state variables depends on the present-state variable y2. This
suggests that the second flip-flop and the expression Y2 = wy1 are not needed. (CAD tools
detect and eliminate such redundancies!) But even then, the derived expressions are not
simpler than those obtained using the state assignment in Figure 6.16. Although in this case
the one-hot assignment is not advantageous, there are many cases where this approach is
attractive.

Example 6.3 The one-hot state assignment can be applied to the sequential circuit of Figure 6.12 as
indicated in Figure 6.21. Four state variables are needed, and the states A, B, C, and D are
encoded as y4y3y2y1 = 0001, 0010, 0100, and 1000, respectively. Treating the remaining
12 valuations of the state variables as don’t cares, the next-state expressions are

Y1 = wy1 + y4

Y2 = wy1

Y3 = y2

Y4 = y3

It is instructive to note that we can derive these expressions simply by inspecting the state
diagram in Figure 6.11. There are two arcs leading to state A (not including the arc for the
Reset signal). These arcs mean that flip-flop y1 should be set to 1 if the FSM is already in
state A and w = 0, or if the FSM is in state D; hence Y1 = wy1 + y4. Similarly, flip-flop y2

should be set to 1 if the present state is A and w = 1; hence Y2 = wy1. Flip-flops y3 and y4

should be set to 1 if the FSM is presently in state B or C, respectively; hence Y3 = y2 and
Y4 = y3.

Y1 = w

Y2 = wy1

Y3 = wy1

z = y3
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Present Next state

state w = 0 w = 1
Outputs

y4 y3 y2 y1 Y4Y3Y2Y1 Y4Y3Y2Y1 R1out R1in R2out R2in R3out R3in Done

A 0 0 0 1 0 0 0 1 0 0 1 0 0 0 0 0 0 0 0
B 0 0 1 0 0 1 0 0 0 1 0 0 0 0 1 0 0 1 0
C 0 1 0 0 1 0 0 0 1 0 0 0 1 0 0 1 0 0 0
D 1 0 0 0 0 0 0 1 0 0 0 1 0 1 0 0 1 0 1

Figure 6.21 One-hot state assignment for the state table in Figure 6.12.

The output expressions are just the outputs of the flip-flops, such that

R1out = R2in = y3

R1in = R3out = Done = y4

R2out = R3in = y2

These expressions are simpler than those derived in Example 6.2, but four flip-flops are
needed, rather than two.

An important feature of the one-hot state assignment is that it often leads to simpler
output expressions than do assignments with the minimal number of state variables. Simpler
output expressions may lead to a faster circuit. For instance, if the outputs of the sequential
circuit are just the outputs of the flip-flops, as is the case in our example, then these output
signals are valid as soon as the flip-flops change their states. If more complex output
expressions are involved, then the propagation delay through the gates that implement
these expressions must be taken into account. We will consider this issue in Section 6.8.2.

The examples considered to this point show that there are many ways to implement a
given finite state machine as a sequential circuit. Each implementation is likely to have a
different cost and different timing characteristics. In the next section we introduce another
way of modeling FSMs that leads to even more possibilities.

6.3 Mealy State Model

Our introductory examples were sequential circuits in which each state had specific values
of the output signals associated with it. As we explained at the beginning of the chapter,
such finite state machines are said to be of Moore type. We will now explore the concept
of Mealy-type machines in which the output values are generated based on both the state
of the circuit and the present values of its inputs. This provides additional flexibility in the

Y1 = wy1 + y4

Y2 = wy1

Y3 = y2

Y4 = y3

R1out = R2in = y3

R1in = R3out = Done = y4

R2out = R3in = y2
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